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Let S be the class of all spaces, each of which is homeomorphic to a stationary subset
of a regular uncountable cardinal (depending on the space). In this paper, we prove the
following result: The product X × C of a monotonically normal space X and a compact
space C is normal if and only if S × C is normal for each closed subspace S in X belonging
to S . As a corollary, we obtain the following result: If the product of a monotonically
normal space and a compact space is orthocompact, then it is normal.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Throughout this paper, all spaces are assumed to be Tychonoff. For an inﬁnite cardinal κ , we denote by κ + 1 and κ the
spaces [0, κ] and [0, κ), respectively, with the usual order topology.
A space X is paracompact if every open cover of X has a locally ﬁnite open reﬁnement. Paracompactness is the most
important covering property of topological spaces. Tamano [16] ﬁrst gave a characterization of paracompactness in terms of
the normality of products with a compact factor. Adding a related result of Kunen [12], they are put in order as follows.
Theorem 1.1. ([16,12]) For a space X, the following are equivalent.
(a) X is paracompact.
(b) X × αX is normal for some compactiﬁcation αX of X.
(c) X × (κ + 1) is normal for some cardinal κ  w(X), where w(X) denotes the weight of X .
A space X is metacompact if every open cover U of X has a point-ﬁnite open reﬁnement V . A space X is orthocompact
if every open cover U of X has an open reﬁnement V such that ⋂{V : V ∈ W} is open for any W ⊂ V . Obviously, every
metacompact space is orthocompact.
Subsequently, Junnila [6] proved an analogue of the Tamano Theorem for metacompactness by replacing “normal” with
“orthocompact”. Moreover, a related result was obtained by Junnila and the author [7] as follows.
Theorem 1.2. ([6,7]) For a space X, the following are equivalent.
(a) X is metacompact.
(b) X × αX is orthocompact for some compactiﬁcation αX of X.
(c) X × (κ + 1) is orthocompact for some cardinal κ  w(X).
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Corollary 1.3. Let X be a space and let C be a compact space which contains X or κ + 1, where κ = w(X). If X × C is normal, then it
is orthocompact.
So it seems to be natural to have the following conjecture.
Conjecture. Let X be a space. Let C be a suﬃciently big compact space (such as the weight of C is not less than that of X ). If X × C is
normal, then it is orthocompact.
Unfortunately, there is an easy counterexample for the parenthetic part of this conjecture, as in Example 4.6 below.
However, it is quite unexpected that the opposite relation “orthocompactness ⇒ normality” holds under the assumption
of X being monotonically normal. Here, we do not need any assumption for the compact space C .
In order to obtain this result, as our main theorem, we give a necessary and suﬃcient condition for the normality of the
products of a monotonically normal space and a compact space.
2. Monotone normality and rectangular products
A space X is said to be monotonically normal [5] if there is a function G which assigns to each pair (F , K ) of disjoint
closed sets in X an open set G(F , K ) in X , satisfying
(i) F ⊂ G(F , K ) ⊂ G(F , K ) ⊂ X  K ,
(ii) if (F ′, K ′) is a pair of disjoint closed sets in X with F ⊂ F ′ and K ⊃ K ′ , then G(F , K ) ⊂ G(F ′, K ′) holds.
Observe the following diagram:
metric M3-space monotonically normal
subspace of an ordinal GO-space
orthocompact
Since every stationary subset in a regular uncountable cardinal is a GO-space, it is monotonically normal and orthocom-
pact, but not paracompact.
Lemma 2.1. ([5,15]) Every monotonically normal space is collectionwise normal and countably paracompact.
A space X is expandable if for every locally ﬁnite collection F of subsets in X , there is a locally ﬁnite collection
{U (F ): F ∈ F} of open sets in X such that F ⊂ U (F ) for each F ∈ F .
The following is well known.
Lemma 2.2. ([8]) A normal space is collectionwise normal and countably paracompact if and only if it is expandable.
For a cover A of a space X , a collection B of subsets of X is called a partial reﬁnement of A if each B ∈ B is contained
in some AB ∈ A (where B may not cover X ).
The following is quite powerful to deal with monotone normality. In fact, we will make use of this result instead of the
deﬁnition.
Theorem 2.3 (Balogh and Rudin). ([1]) Let X be a monotonically normal space. For every open cover G of X , there are a σ -disjoint
partial reﬁnement U of G by open sets in X and a discrete collection D of closed sets each homeomorphic to some stationary subset of
a regular uncountable cardinal such that X 
⋃U =⋃D.
A subset U of a space X is cozero (or a cozero-set) in X if there is a continuous function f from X into [0,1] such that
U = {x ∈ X: f (x) > 0}.
Let X × Y be a product. A subset of the form U × V in X × Y is called a rectangle. A rectangle U × V is called a cozero
rectangle in X × Y if U and V are cozero-sets in X and Y , respectively. Note that a rectangle R is a cozero-set in X × Y iff
R is a cozero rectangle.
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is rectangular [14] if every ﬁnite cozero cover of X × Y has a σ -locally ﬁnite rectangular cozero reﬁnement.
Lemma 2.4 (Terasawa). ([2]) If X is a space and C is a compact space, then X × C is rectangular.
3. A main theorem
Since Balogh and Rudin’s Theorem above plays a crucial role in our proof, for our convenience, we use the following
notation:
Let S denote the class of all spaces, each of which is homeomorphic to a stationary subset in a regular uncountable
cardinal depending on the space.
Theorem 3.1. Let X be a monotonically normal space and C a compact space. Then X × C is normal if and only if S × C is normal for
each closed subspace S in X belonging to S .
Proof. We prove only the “if” part because the converse is obvious. Let O = {O 0, O 1} be a binary open cover of X × C . In
order to prove the normality of X × C , it suﬃces to prove that there is a σ -locally ﬁnite (rectangular) cozero reﬁnement H
of O.
Since C is compact, for each x ∈ X and i ∈ 2, we can take a cozero rectangle Gx,i = G ′x × G ′′x,i in X × C such that x ∈ G ′x ,
C = G ′′x,0 ∪ G ′′x,1 and Gx,i ⊂ O i . Applying Balogh–Rudin’s Theorem (= Theorem 2.3) to the open cover {G ′x: x ∈ X} of X , there
are a σ -disjoint partial reﬁnement U =⋃n∈ω Un of it by open sets in X , where each Un is pairwise disjoint, and a discrete
collection D of closed sets in X belonging to S such that X ⋃U =⋃D. Since X is collectionwise normal, there is a
discrete collection {L(S): S ∈ D} of open sets in X such that S ⊂ L(S) for each S ∈ D.
Take an S ∈ D. It follows from the assumption and Lemma 2.4 that S × C is normal and rectangular. So there is a σ -
locally ﬁnite rectangular cozero cover R(S) of S × C such that R = P R × V R and R ⊂ O iR , where iR ∈ 2, for each R ∈ R(S).
By the compactness of C , {P R : R ∈ R(S)} is σ -locally ﬁnite in X . Since V R is compact, it follows from Lemmas 2.1 and 2.2
that there is a σ -locally ﬁnite collection {WR : R ∈ R(S)} of cozero-sets in X such that P R ⊂ WR ⊂ L(S) and WR ×V R ⊂ O iR
for each R ∈ R(S). Let
H0 =
{
HR := WR × V R : R ∈ R(S) and S ∈ D
}
.
Then H0 is a σ -locally ﬁnite collection by cozero rectangles such that (
⋃D) × C ⊂ ⋃H0 and HR ⊂ O iR for each R ∈⋃
S∈DR(S).
Let E = π(X × C ⋃H0), where π denotes the projection from X × C onto X . Then E is a closed set in X disjoint
from
⋃D. It follows from Lemma 2.1 again that there is a countable closed cover {Fn: n ∈ ω} of E such that Fn ⊂⋃Un
for each n ∈ ω. Take an n ∈ ω. Note that {U ∩ Fn: U ∈ Un} is a discrete collection of closed sets in X . For each U ∈ Un , take
an x(U ) ∈ X with U ⊂ G ′x(U ) . Since X is collectionwise normal, there is a discrete collection {M(U ): U ∈ Un} of cozero-sets
in X such that U ∩ Fn ⊂ M(U ) ⊂ G ′x(U ) for each U ∈ Un . Let
H1 =
{
HU ,i := M(U ) × G ′′x(U ),i: U ∈ Un, n ∈ ω and i ∈ 2
}
.
Then H1 is a σ -discrete (in X × C ) partial reﬁnement of O by cozero rectangles in X × C . Pick any (x, y) ∈ E × C . Take
 ∈ ω with x ∈ F . We can take U0 ∈ U with x ∈ U0. Then we have x ∈ U0 ∩ F ⊂ M(U0). Since C = G ′′x(U0),0 ∪ G ′′x(U0),1, let
y ∈ G ′′x(U0),k be for some k ∈ 2. Then we have (x, y) ∈ HU0,k ∈ H1. Hence H1 covers E × C . Now, let H = H0 ∪ H1. Then H
is a σ -locally ﬁnite rectangular cozero reﬁnement of O. 
4. Corollaries
Proposition 4.1. ([9,10]) Let A be a subspace of a cardinal κ and Y a paracompact space. If A × Y is orthocompact, then it is normal.
The following unexpected result is an immediate consequence of Theorem 3.1 and Proposition 4.1.
Corollary 4.2. Let X be a monotonically normal space and C a compact space. If X × C is orthocompact, then it is normal.
Thus we can conclude that “orthocompactness” is rather stronger than “normality” in products of monotonically normal
spaces with arbitrary compact spaces.
A space X is said to be shrinking if for every open cover U of X , there is a closed cover {FU : U ∈ U} of X such that
FU ⊂ U for each U ∈ U .
Combining several results, we obtain
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(a) X × C is normal.
(b) X × C is collectionwise normal.
(c) X × C is shrinking.
Proof. (b) ⇒ (a) and (c) ⇒ (a) are obvious. (a) ⇒ (b): By Lemmas 2.1 and 2.2, X is expandable. Since expandability is
preserved by perfect preimages by [11, Theorem 3.4], X × C is also expandable. By Lemma 2.2 again, the normality of X × C
implies the collectionwise normality. (a) ⇒ (c): This was proved in [13, Corollary 3.8]. 
A space X is weakly suborthocompact if every open cover U of X has an open reﬁnement ⋃n∈ω Vn , satisfying that for
each x ∈ X there is nx ∈ ω such that x ∈⋃Vnx and
⋂{V ∈ Vnx : x ∈ V } is open in X .
Proposition 4.4. ([10]) Let A be a subspace of a cardinal κ and Y a metacompact space. Then A × Y is orthocompact if and only if it
is weakly suborthocompact.
Now, we can obtain a stronger result than Corollary 4.2.
Corollary 4.5. Let X be a monotonically normal space and C a compact space. If X × C is weakly suborthocompact, then it is collec-
tionwise normal and shrinking.
Proof. It suﬃces from Proposition 4.3 to show that X × C is normal. Take a closed set S in X belonging to S . By Proposi-
tion 4.4, since S × C is weakly suborthocompact, it is orthocompact. It follows from Proposition 4.1 that S × C is normal.
Hence Theorem 3.1 assures that X × C is normal. 
Remark 4.6. Since ω1 × (ω1 + 1) is not normal, Corollary 4.5 is not true without the weak suborthocompactness of X × C .
The following diagram seems to make clear the implications between the concepts stated above.
monotonically normal shrinking paracompact
paracompact collectionwise normal normal
metacompact submetacompact weakly submetacompact
orthocompact suborthocompact weakly suborthocompact
The following easy example shows that the converse of Corollary 4.5 does not hold.
Example 4.7. There is a monotonically normal, compact space C0 with weight ω1 such that ω1 × C0 is normal, but not
weakly suborthocompact.
Proof. Let C0 be the one-point compactiﬁcation of a discrete space of cardinality ω1. Let p be the non-isolated point
of C0. Then C0 is a monotonically normal space with weight ω1. In fact, for each disjoint closed pair (F , K ) in C0, let
G(F , K ) = C0  K if p ∈ F and let G(F , K ) = F if p /∈ F . Then G satisﬁes the conditions of its deﬁnition.
It was known that ω1 × C0 is normal but not orthocompact (for example, see [4]). So it follows from Proposition 4.4 that
ω1 × C0 is not weakly suborthocompact. 
Let X be a normal, metacompact and non-paracompact space and C a compact space. It follows from Theorems 1.1
and 1.2 that X × C is orthocompact but not normal if C contains X or w(X) + 1. Hence “monotonically” cannot be omitted
in Corollary 4.2. Then it follows from the Michael–Nagami Theorem (see [3, Theorem 5.3.3]) that X cannot be collectionwise
normal. So we raise the following problem.
Problem. Are there a collectionwise normal space X and a compact space C such that X × C is orthocompact but not
normal?
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product of a monotonically normal space with a compact space is orthocompact if it is weakly suborthocompact. Quite
recently, it has been aﬃrmatively solved by the author [17].
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